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We consider a non-equilibrium system of interacting emitters described by the XXZ model, whose
excitonic transitions are spatially and spectrally coupled to a single mode cavity. We demonstrate
that the output radiation field is sensitive to an interplay between the hopping (J) and the inter-
actions (U) of the excitons. Moderate values of the short-ranged interaction are shown to induce
laser with maximal output at the Heisenberg point (U = J). In the laser regime, charge-charge
correlations emerge and they are shown to strongly depend on the interaction-hopping ratio. In
particular, the system shows charge-density correlations below the Heisenberg point and ferromag-
netic correlations beyond the Heisenberg point. This contrast to the equilibrium behavior of the
XXZ chain occurs since the laser explores highly excited states of the emitters.
PACS numbers:
I. INTRODUCTION
The quantum theory of conventional lasers addresses
the stimulated emission of radiation from an active
medium made of independent and non-interacting emit-
ters coupled to a single resonator mode [1, 2]. Such de-
scription is accurate for most gaining media used in stan-
dard lasers. However, substantial technological progress
has allowed for the microscopic tailoring of manybody
correlations of artificial chains of atoms in different archi-
tectures, from superconducting [3–6] to semiconducting
technologies [7, 8]. Such progress may provide the nat-
ural playground to investigate the impact of quantum
interactions on the lasing properties and, more generally,
to address the physics of non-equilibrium manybody ef-
fects on the statistics of the radiation emitted from more
complex and structured active media.
The manybody physics of driven-dissipative, or non-
equilibrium, quantum systems has recently attracted
substantial interest [9–18], envisioning the possibility to
observe emergent phenomena that cannot be properly de-
scribed by classical thermodynamics at equilibrium, such
as, e.g., dissipative phase transitions. On a parallel route,
the physics of few emitters coupled to a single-mode res-
onator has been thoroughly investigated in the past few
years [19–27], mainly concerning the role of the cavity-
mediated correlations between the independent emitters,
and discarding the role of direct manybody couplings of
the active medium on the emitted radiation properties.
Here we address the rich physics of a peculiar many-
body system made of strongly correlated quantum emit-
ters whose elementary excitations are radiatively coupled
to a single-mode cavity. We show that a laser regime
results from the interplay between kinetic energy (hop-
ping) and electromagnetic interactions (Coulomb repul-
sion) between the emitters excitations. From a theoret-
ical point of view, we treat such a system through an
exact solution of the equations of motion, and the sim-
ulations of a stochastic Schro¨dinger equation. We show
that the optimal condition for lasing corresponds to the
Heisenberg Hamiltonian, in which hopping and interac-
tions have the same strength, leading to a fully symmet-
ric spin model. We show that in this case the set of
states that are symmetric with respect to permutation
of any two spins become exact eigenstates of the XXZ
chain. Such bright-states differ in total magnetization
and are resonantly coupled by the light-matter interac-
tion. Therefore, the cavity is efficiently fed with excita-
tions while the system transitions between this subset of
XXZ eigenstates.
In the laser regime, the chain of emitters shows charge-
density-wave (CDW) order at short range for interactions
below the Heisenberg point and long range uniform cor-
relations at the Heisenberg point. Above the Heisenberg
point, the correlations do not present any CDW ordering,
in contrast to the equilibrium ground state behavior of
the XXZ chain that presents CDW order for large interac-
tions. These results represent another step to put many-
body couplings in the context of a quantum laser sce-
nario. We suggest operational and measurable quantities
where the manybody nature of the active medium natu-
rally emerges through probing of the coherent radiation
emitted from the lasing cavity. A natural implementation
of the model analyzed in this work can be envisioned for
multiple quantum dots coupled to a semiconductor res-
onator [28, 29, 37], in particular in view of the recent suc-
cess in fabricating site-controlled quantum dots [29–31].
Direct Coulomb-mediated coupling between semiconduc-
tor quantum dots in particular has been demonstrated in
vertically aligned self-assembled quantum dots [33, 35],
and in distant quantum dots through coupling to an ex-
tended Coulomb complex [34]. Alternatively, the cou-
pling of a set of interacting quantum emitters with the
mode of an optical cavity is currently realized in ultra-
cold atoms in optical lattices [38, 39], and designed in
circuit-QED [40, 41].
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FIG. 1: Pictorial representation of the laser with a
strongly interacting manybody system of emitters as the ac-
tive medium. The microscopic energetic contributions of each
possible interacting process are explicitly indicated.
II. THE MODEL AND METHODS
We consider the active medium to be described by a
linear chain of degenerate, interacting two-level emitters,
modeled by the XXZ spin Hamiltonian
HXXZ = J
∑
〈〈i,j〉〉
[XiXj + YiYj ] + U
∑
〈〈i,j〉〉
ZiZj , (1)
where Xi, Yi and Zi are the Pauli matrices, with σ
†
i =
(Xi + iYi)/2 being the raising operator of a single exci-
tation for the i-th site. The excitations are allowed to
hop from site to site, and J is the hopping strength be-
tween nearest neighbor sites. Interactions are included
in the model via the term proportional to the coupling
energy U , which models the repulsive or attractive inter-
action between two neighboring excitations. The reso-
nant interaction with an extra degree of freedom, i.e. the
single-mode cavity photon field, is modeled via a Tavis-
Cummings Hamiltionian [42]
HTC = g
∑
i
(
aσ†i + a
†σi
)
, (2)
in which a† is the creation operator for the single-mode
bosonic field in the cavity, and g is the light-matter cou-
pling rate between the single emitter excitation at site i
and the cavity photons, assumed to be equal for all the
emitters.
In contrast to the commonly studied situation in equi-
librium manybody physics, we assume the on-site exci-
tations to be incoherently driven, and the cavity mode
to be subject to losses. The dynamics of the system is
therefore modeled through the Lindblad-Von-Neumann
equation for the density matrix
ρ˙ = L(ρ) = −i[HXXZ+HTC, ρ]+P
∑
i
Dσ†i (ρ)+κDa(ρ) ,
(3)
where the nonunitary part of the dynamics is described
by the Lindblad super-operators
Dx(ρ) = −1
2
[
x†xρ+ ρx†x
]
+ xρx† . (4)
Eq. (3) thus models two non-unitary processes: the in-
coherent driving of the quantum emitters at rate P , and
the dissipation of the cavity mode at rate κ. In Fig (1)
we illustrate all possible coupling processes, and the rel-
ative energy contributions for each single state or pair of
states. We finally remark that the present model assumes
the resonant condition between the cavity mode and the
emitters to hold, thus enabling to express all equations
in the frame rotating with the resonant frequency.
In this work we will focus on the stationary state of
Eq. (3), referred to as the non-equilibrium steady state
(NESS). The NESS obeys the linear equation LρNESS =
0. For the numerical implementation of the steady state
solution, it is convenient to map the density matrix rep-
resentation onto an equivalent vector form. We apply
a vectorization procedure, where the density matrix ρ
is reshaped into a column vector, here denoted by |ρ〉〉,
by concatenating all its columns. The markovian Liou-
villian is always of the form L(ρ) = ∑iXiρYi and in
oder to vectorize this equation we rely on the property
|L(ρ)〉〉 = ∑i Y Ti ⊗ Xi|ρ〉〉, where X and Y are matri-
ces. In this vectorized representation we thus define the
Liouvillian matrix L = ∑i Y Ti ⊗ Xi. We solve the lin-
ear problem L|ρNESS〉〉 = 0 imposing the trace condition
〈〈1 |ρ〉〉 = tr{ρ} = 1. We define L˜ = L + |0〉〉〈〈1 |, such
that |ρNESS〉〉 = L˜−1|0〉〉, which is the fastest approach
to reach the solution, albeit being memory consuming.
We have also simulated stochastic Schro¨dinger equations
(SSE) [1], that have a much lower memory requirement
which allows for addressing bigger systems but are much
slower in obtaining the NESS to a given accuracy.
There are infinitely many SSE corresponding to the
same master equation. We have found in practice that
with a diffusive equation driven by Wiener noise the ob-
servables show lower variance over different runs as com-
pared to the SSE driven by Poisson noise (also known
as quantum jumps) [43]. Therefore, the diffusive SSE
allows for simulating the NESS with fewer realizations.
However, we have observed that in the jump version the
number of cavity Fock states which have non null prob-
ability can always be limited to the number of emitters
plus one (L + 1) by an appropriate choice of the initial
state. Therefore, we use the quantum jump version dy-
namically tracking the optimal Fock states for represent-
ing exactly each trajectory, which allows for addressing
very high photon numbers with very few Fock states.
III. RESULTS
A. Phenomenology
In the regime with a small number of emitters, we have
an overall number of excitations that allows for an exact
solution of the full quantum master equation. We assume
that the manybody Hamiltonian is non-negligible, thus
we take the hopping rate, J , to be larger than the light-
matter coupling rate, g. At the same time, we choose
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FIG. 2: Cavity photon number (left panel), second order
correlation at zero time delay of the emitted radiation (top
right panel), and the Z-component of the total atomic spin
(ZT ) divided by the number of atoms, for the case with L = 4
emitters (bottom right panel), as a function of the external
pump and for different values of the interaction energy. The
model parameters assumed in the calculations are g = 0.1J
and κ = 0.5g, respectively.
a high quality factor cavity, such that the dissipation
rate κ is smaller than the light-matter coupling, which
is the typical condition to achieve the lasing regime [23].
We allow for the external incoherent pump rate P to
vary, as it is the case for a conventional laser, and we
study the cavity output as a function of the short range
interaction strength, U . The results are shown in Fig. (2),
where we consider a system of four atomic sites in the
good cavity regime. We immediately notice that for small
values of U/J , the cavity field accumulates approximately
one excitation at most, as it is evident from the plot of
the average number of intracavity photons (proportional
to the emitted intensity), N = 〈a†a〉. As a further figure
of merit, we consider the cavity field second-order auto-
correlation at zero time delay
g(2)(0) =
〈a†a†aa〉
〈a†a〉2 , (5)
whose value is always above 2 in correspondence with
the low cavity emission, i.e. the output cavity field is
always bunched. Similarly, we see that for U/J  1 the
cavity accumulates even less photons, and the emitted
radiation is still bunched. We point out that g(2) always
assumes the thermal value of 2 for very strong pump.
This can be understood by eliminating the atoms in the
regime of strong pump. In this regime the atoms are
forced to the maximally magnetized state with all spins
pointing up such that they are weakly coupled to the
cavity. Thus by making a markovian approximation we
may trace over the atomic degrees of freedom deriving
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FIG. 3: Cavity photon number for P = J as a function
of the interaction strength (top left panel), and scaling of
the cavity photon number at the Heisenberg point, U = J
(bottom left panel). Second-order correlation at zero time
delay for the output cavity radiation (right top panel), and
Z-component of the total atomic spin (ZT ) divided by the
number of atoms (right bottom panel), as a function of the
correlation strength and for different numbers of emitters, in
both cases for P = J . The system parameters assumed in the
calculations are g = 0.1J and κ = 0.5g, as before.
a Lindblad term whose sole effect is to pump the cavity
with jump operator a†. The balance between the cavity
dissipation and this effective incoherent pump leads to a
thermal state with very low photon number.
On the other hand, lasing signatures clearly manifest
at intermediate ratios, U/J ∼ 1. In fact, when the inter-
action strength is comparable to the hopping rate there
is a strong accumulation of photons in the cavity, in-
dicating the occurrence of stimulated emission. Simul-
taneously, the g(2)(0) reaches the value 1, which is the
fingerprint of uncorrelated photon output that is typi-
cal of the lasing regime. It is also important to ana-
lyze the behavior of the total magnetization ZT =
∑
i Zi
, which shows how the spins react once the stimulated
emission sets in. In Fig. (2) we see that, in the lasing
regime (U ≈ J), ZT shows a plateau that is known to be
a clear signature of stimulated emission, since it repre-
sents the clamping of the atomic population. In fact, this
shows that even though the external incoherent pump is
increased, the atomic population remains essentially un-
altered. Thus, the external pump is being efficiently and
coherently transferred to the cavity field yielding a strong
laser emission from the cavity mirrors.
In Fig. (3) we show how the lasing features emerge at
the condition U/J ≈ 1. Since for U = J the XXZ Hamil-
tonian (1) reduces to the Heisenberg model, we name this
condition the Heisenberg point. As it is seen from the Fig-
ure, the cavity population peaks at the Heisenberg point,
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FIG. 4: Cooperativity of the manybody laser as compared
to single emitter-lasers (left panel), as defined in Eq. (6). Co-
operativity of the manybody laser as compared to the corre-
sponding standard laser (right panel), as defined in Eq. (7).
The system parameters used in these simulations are g =
0.1J , κ = 0.5g, and P = J .
while g(2)(0) drops to 1, and the total Z-component of the
atomic spins approaches zero magnetization per spin on
increasing the number of spins. These three features con-
firm that the cavity output is amplified, the light statis-
tics becomes typical of a laser, and stimulated emission
becomes more and more pronounced when hopping and
interactions are of the same order. We also show how
the cavity output scales with the number of emitters, L,
at the Heisenberg point. We find a linear scaling of the
output with the system size whose slope depends on the
pumping rate.
It is worthwhile investigating the impact of the many-
body direct couplings of the system on the cooperativity
of the quantum emitters. A quantitative measure of co-
operativity was recently introduced in Ref. 24. Two dif-
ferent situations are quantitatively compared: the emit-
ters are either coupled to the same cavity mode, or alter-
natively each of them is coupled to its own cavity mode,
at the same resonant energy. The output in the photonic
channel, which is proportional to the emitted radiation
in each case, is finally compared for these two situations.
The first situation gives rise to an output field (in units
of κ), that is N(L,HXXZ). In the second case, we mea-
sure the sum of the single-cavity outputs from each cav-
ity, where each one contains a single emitter, which is
written as N(1, HXXZ = 0). For a given set of initial
conditions, such as pump and dissipation rates, atom-
cavity couplings, etc., the system behavior is said to be
cooperative when the two measurements differ, the differ-
ence between them giving direct access to the field that
is generated or suppressed by cooperative effects. Then,
a cooperativity parameter, or cooperative fraction, can
be defined as [24]
Cf =
N(L,HXXZ)− LN(1)
N(L,HXXZ) + LN(1)
. (6)
Such measure is equal to +1 when the emitters are max-
imally and constructively cooperative, while it is equal
to −1 when they are maximally and destructively co-
operative. Here, we extend this concept to capture in
an isolated manner the impact of the manybody direct
couplings of the laser discussed in this paper on the emit-
ters cooperativity. To this end, we directly compare the
manybody laser to the standard laser, by defining the
cooperativity parameter of the XXZ Hamiltonian as
CXXZ =
N(L,HXXZ)−N(L,HXXZ = 0)
N(L,HXXZ) +N(L,HXXZ = 0)
. (7)
These two cooperativity factors defined in Eqs. (6-7)
are plotted in Fig. (4). The results for Cf show that
an increasingly sharpened transition from sub- to super-
radiance is observed as the number of emitters increases.
As expected, the two lasing thresholds are closely lo-
cated around the maximal cooperativity, which sits at the
Heisenberg point. It also becomes clear that both hop-
ping and interactions are detrimental to the laser regime
when they act individually, as it is evident from the two
regimes in which either one (U/J  1) or the other
(U/J  1) dominates. We notice that the manybody
couplings do not allow for extra stimulated emission of ra-
diation, which would result in an even larger intensity of
the cavity output. In fact, the results for CXXZ show that
the manybody laser always emits less radiation than the
standard laser, except for the Heisenberg point, in which
their emission becomes identical. It is also interesting to
stress that, even though the matter-field excitations fea-
ture kinetic energy and next-neighbor interactions, these
two manybody processes are non-trivially cancelled at
U = J , and the output intensity becomes the same as
the one from a non-interacting laser in which the emit-
ters are not subject to any manybody direct couplings. In
the next subsection we describe in detail the mechanism
behind the optimal laser regime.
B. The lasing mechanism
So far, we have mainly focussed on the observables
related to the cavity field. However, an analysis in terms
of the eigenstates of the spin chain provides insight into
the mechanism underlying lasing in the vicinity of the
Heisenberg point.
We recall that, in the case of L independent two-level
emitters in a cavity (HXXZ = 0), lasing occurs and can
be simply explained when the two-level emitters are res-
onant with the cavity frequency. We denote by |S,ZT 〉
those, among the eigenstates of the total magnetization,
that are even with respect to the exchange of any two
spins. These states may be generated by iterating the
application of the total spin operator S =
∑
i σ, starting
from the maximally magnetized state |ZT = L〉 = | ↑↑
· · · ↑↑〉. This iteration determines a sequence of states
down to the state |ZT = −L〉 = | ↓↓ · · · ↓↓〉. The states
in this set are then defined (up to a normalization factor)
as
|S,L− 2n〉 ∝ Sn|ZT = L〉, for n = 0, 1, · · · , L. (8)
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FIG. 5: (Top) The probabilities of the HXXZ eigenstates, as
computed from ρNESS. (Middle) The corresponding eigenen-
ergies. (Bottom) The corresponding magnetization as a func-
tion of U/J . Data in all three plots were obtained for L = 3.
Highlighted in each plot are the 3 most probable states. The
system parameters are g = 0.1J , κ = 0.5g, and P = J .
When all the emitters are in resonance with the cavity,
this set of states forms a ladder of equally spaced energy
levels with the energy difference matching the cavity fre-
quency. The states |S,ZT 〉 are also the bright states of
the spin system, as they are maximally coupled to the
cavity mode by the Tavis-Cummings Hamiltonian, which
induces transitions among these levels with correspond-
ing absorption/emission of one cavity photon. When
operating in the lasing regime, in the limit of large L,
the balance between pump and dissipation casts the L-
emitter system into a statistical mixture of states domi-
nated by the zero-magnetization state of the ladder.
In the present case of an interacting spin chain, the
optimal lasing is explained by the fact that only at the
Heisenberg pointHXXZ(J = U) = HXXX the set |S,ZT =
L − 2n〉 responsible for the standard laser becomes an
exact set of eigenstates of the XXZ Hamiltonian. In fact,
these states are fully degenerate in the reference frame
of the cavity (i.e. they form a ladder with level spacings
coinciding with the cavity resonant frequency), as they
obey
HXXX|S,L− 2n〉 = (L− 1)J |S,L− 2n〉 . (9)
In order to better understand how this set of states
enters into the many-body lasing mechanism, we de-
compose the reduced state of the XXZ chain ρXXZ =
trC{ρ} =
∑
ij pij |i〉〈j| – obtained tracing over the cav-
ity degrees of freedom – in terms of the eigenstates |i〉
of the bare XXZ Hamiltonian. In Fig. (5) we show the
probabilities of each eigenstate pi = 〈i|ρXXZ|i〉, their
eigenenergies, and the corresponding total magnetization
computed for a chain of 3 emitters. The three states
with highest probabilities are highlighted in color. From
this analysis it clearly appears that the chain is com-
pletely inverted by the pump, except in the vicinity of
the Heisenberg point, where two features arise. First,
the most probable states become degenerate in the refer-
ence frame of the cavity, as seen in the middle panel of
Fig. (5). Second, the most probable states at the Heisen-
berg point coincide with the bright states |S,ZT 〉, namely
|S, 3〉 = | ↑↑↑〉, |S, 1〉 = | ↑↑↓〉 + | ↑↓↑〉 + | ↓↑↑〉, and
|S,−1〉 = | ↑↓↓〉 + | ↓↑↓〉 + | ↓↓↑〉. The states thus,
together with the state |S,−3〉 = | ↓↓↓〉 form a ladder
in which transitions are allowed by the Tavis-Cummings
Hamiltonian. This suggests a clear picture for the onset
of lasing. When far from the Heisenberg point, the most
probable states in the spin chain are generally out of res-
onance from the cavity mode, and their corresponding
weights are small, thus favoring the fully inverted state
induced by the pump. When approaching the condition
J = U , the states dominating the density matrix form a
ladder resonant with the cavity mode. Then lasing sets
in and the balance between gain and losses pins the set
of emitters at zero magnetization (in the limit of large
L). The fact that the states in the ladder coincide with
the bright states explains why the cooperativity CXXZ at
J = U is exactly zero.
To further support this picture, in Fig. (6) we provide
the full spectral decomposition at the Heisenberg point,
for the case of six emitters L = 6. In the top panel,
the probability of each state is plotted, and the bright
states are highlighted in red. Again, it is clear that most
of these states represent the most probable states. The
bottom panel shows the state energy as a function of their
magnetization, again with the bright states highlighted
in red. The plot shows again the onset of resonance and
highlights the average zero magnetization of the chain,
as expected in a laser.
C. Correlations
The most interesting features of the resulting many-
body state of the emitters may be described by the cor-
relations in the matter medium. In Fig. (7) we show the
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FIG. 6: (Top) The probabilities of all the HXXZ eigenstates,
as computed from ρNESS for L = 6 and J = U . (Bottom)
The corresponding eigenenergies as a function of their mag-
netization. Highlighted are the |S,ZT 〉 states. The system
parameters are g = 0.1J , κ = 0.5g, and P = J .
charge correlations
OZZ(m,m+ l) =
〈ZmZl〉
〈Zm〉〈Zl〉 , (10)
which allow to identify the type of order that is estab-
lished throughout the chain. When either the hopping
or the interactions dominate, there are no charge corre-
lations since the emitters become fully inverted by their
respective incoherent pumping rates. As the system en-
ters the laser regime, spin correlations emerge as it is
evidenced in the upper panel of Fig. (7). For interaction
values below the Heisenberg point (U/J < 1) the system
shows a behavior reminiscent of a CDW, as indicated
by the fact that the correlations between next-nearest-
neighbors are larger than the ones between nearest-
neighbors. At the Heisenberg point these two correla-
tions become equal (up to statistical erros in the SSE
simulations). Above the Heisenberg point (U/J > 1),
the correlations between nearest-neighbors become larger
and the CDW order is lost. Even though the system ex-
hibits strong finite size effects, for chains up to 11 emit-
ters the general picture described above is robust, and it
is confirmed by our simulations for an increasing num-
ber of emitters shown in the middle panel of Fig. (7).
Precisely at the Heisenberg the all pair-correlations be-
come equal irrespective of their distance (show in the
lower panel of Fig. (7)). This further confirms that un-
der such conditions the system behaves as if there was
no direct couplings between the emitters, and the global
field generates such long-range correlations. Also in the
lower panel of Fig. (7)) we can see the charge-density be-
haviour emerging with a non trivial spacial period below
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FIG. 7: (Top) Correlations between nearest-neighbors
and next-nearest-neighbors with respect to the site m =
floor(L/2) for a system of 5 emitters as a function of the
interactions. (Middle) The correlations obtained from the
stochastic Schro¨dinger equation, for specific values of the ra-
tio between interaction and hopping strength (U = 0.8J and
U = J) as a function of the number of emitters, L. (Bottom)
Spatial correlations obtained from the solution of the stochas-
tic Schro¨dinger equation for a chain of 11 sites as a function
of the distance between emitters. The system parameters of
these simulations are g = 0.1J , κ = 0.5g, and P = J .
the Heisenberg point for U = 0.8J , while the correlations
decay fast above the Heisenberg point for U = 1.2J .
IV. CONCLUSIONS
In summary, we have shown how the couplings of a
many-body medium affects the properties of a laser. The
many-body interactions strongly alter the emission and
cooperativity of the atomic system which is consequently
imprinted in the radiation emitted from the cavity. These
results allow for the conclusion that in this model there
exists an interplay between hopping and correlations that
leads to the laser regime in a dynamical equilibrium
reached as the balance between driving and dissipation.
We have shown how the combination of hopping and in-
teractions in the same proportion leads to a highly sym-
7metric emission process at maximal efficiency. We have
also presented in detail the nonequilibrium state of the
emitters and their resulting correlations. The system ex-
hibits interesting charge correlations that depend sensi-
bly on the hopping-interaction ratio. In the absence of
many-body interactions, one would expect only cavity-
induced correlations of the ferromagnetic kind. There-
fore, the CDW correlations in our case are a specific sig-
nature of the many-body nature of the system and in
particular reflect the nature of the bright states involved
in the lasing mechanism. In remarkable contrast to the
equilibrium behavior of the atomic system we show that
the atomic correlations emerge as a genuine nonequil-
brium phenomenon without an equilibrium analog which
is due to the fact that the laser explores highly excited
states of the chain of emitters.
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